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1. PERMUTATION GROUPS AND COMMLTATIVE ALGEBRAS 
In [ 2 1, the author constructed a commutative (nonassociative) algebra A 
defined as follows ’ : 
(1) A is a vector space over a field K with basis (x, , x2 ,..., x ,]; and 
(2) A possesses a commutative algebra structure satisfying 
x,xi= (n - 1)x; for 1 <i<n, 
and 
“$Ti = xjxi zz -xi - xj for l<i<j<n. 
Putx~=--x~-xx2-...-~x,. As shown in Lemma 1 of [2], we have 
x0x0 = (I2 - 1)x,, 
and 
xoxi = x,x0 for 1 < i < 17. 
Therefore if G is a permutation group on R = {O, 1, 2,..., n), then G acts on 
A by (.xJc = xi8 for g E G and prcscrves the product of A. Hence G can be 
embedded in the group Aut(A) of the automorphisms of A. Here Aut(A) is 
defined as 
Aut(A)= (a& GL(A)j (xy)“=x”y”,x,yEA}. 
In Theorem A of 121, the author showed that Aut(A) z x,,+, , the 
symmetric group of degree N + 1, provided that the characteristic of K 
(denoted by char(K) henceforth) is zero or greater than n + 1. Recently 
’ The fact known to K. Griess and possibly to others also. 
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Allen [ 11 has determined the structure of A&(A) when cbar(~) < p? + 1. 
More precisely he has shown 
Cn+1 if cbar(~)%~ + 1 
Aut(A) z 
K”-’ . GL(n - 1, K) if char >In+ 1. 
Here K”-’ . GL(n - 1, K) is a semi-direct product of GL(n - 4, K) and a 
IZ - 1 dimensional vector space Kn-’ over K with a natural action of 
GL(n - 1, K) on K”-‘. 
Let us recall how the algebra A was constructed. We shall argue in a more 
general setting than in [2]. Let G be a permutation group on a set 
(2 = {O, 1, 2 )...) n} and V be the permutation module over a field M with basis 
{ II,,, u , v~,..., v,}. The basis elements are permuted by G naturally. 
Qbviously V possesses a trivial G-submodule U spa.nned by just one element 
u = CySO vi. Put A = V/U. Then A is a n dimensional G-module. 
The tensor product A OK A is also a G-module by the standard action 
(a@b)“=a”@b” f or aEG. Put xj=ui+UEA for O<i<ti. Then for 
any subset I of a of cardinality n, (xi 1 i E I} is a basis of A. In particular 
1x1 > x2 ,‘.., xn} is a basis of A. Let B be an isomorphism of A @ A such that 
B(Xi 0 Xj) = Xj 0 Xi for 1 <l’<j<n. 
Then 8(x @ y) =y @ x for all x, y E A and so 8 does not depend on the 
choice of basis. Moreover, 8’ = 1. 
Let S2(A) = {z EA @A ) 6(z) = z}. Then S’(A) has basis {xi 0 xi, 
xj @ xk + xk @ xj 1 1 < i Q n, l<j<k<n}, and so dim~(S2(A~) = 
n(n + I))/2 - S’(A) is called the (second) symmetric product of A. 
We next show that there exists a nontrivial G homomorphism from S”(A) 
to A. We first begin with a permutation module V, over Q, where is the 
field of all rational numbers. Namely, 
Vn = ~ QVi. 
i=O 
Put U, = Q(CfzO vi) and A, = VQ/Ua. Then A, is a G-module over 
Consider A, @ A,. 
LEMMA 1.1. Let p)6 be a Q-linear mapping from S2(AA,) to A, ~e~~e~ as 
qb(xi @xi) = (n - 1) bxi for 1 <i,<n 
pb(xi @ xj + xj @ xi) = -2b(x, + xi) for d <i<j<pl. 
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Here b is an arbitrary element of Q. 
Proof. The proof is almost the same as Lemma 1 of [2]. We compute 
=(n- 1)b 5 xi-2b c (xi+xj) 
i=l l<i<j<n 
= (n - 1) b ,$ xi - 2b(n - 1) 2 xi 
i=l i=l 
=(n-l)bx,. 
We next compute 
pb(Xi @ X0 + X0 @J Xi) = - 2 VbCxi 0 xj + xj @ xi) 
j=l 
= -2(n - 1) bxi + 2b 2 (xj + xi) 
j=l 
j+i 
n 
= 2b x xj 
j=l 
j+i 
= -2b(x, + xi). 
This completes the proof. 
LEMMA 1.2. Let K be a field and A be a K-module defined as before. 
Then there is a nontrivial G-homomorphism from S2(A) to A.2 
Proof. If K = Q, then the q1 of Lemma 1.1 with b = 1 will define a 
nontrivial G-homomorphism from S’(A) to A. Viewing the mapping p1 in K, 
q1 will define a nontrivial mapping from S*(A) to A, unless char(K) = 2 and 
* Feit informed the author that this fact was probably known to G. Frobenius. 
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n - 1 is even. Next suppose char(K) = 2 and p2 - 1 is even efine q?l by 
taking b = 1. Thus 
ql/*(xi 0 xj + xj 0 xi) = -(xi + xj)> O<icj<n. 
Clearly then qr,* viewed in K is a nontrivial ~-~omorn~r~b~srn from S*(ik) 
to A. This completes the proof. 
Assume char(K) # 2. Then S’(A) 1s a direct summand (as G-mo 
A OK A. Consider the composition f of three mappings 
where p(a, b) = a 0 b, a, b E A, q is the projection q(a 0 b) = 
(a @ b + b @ a)/2 an C+Y~ is the mapping defined in Lemma 1.2. d 
S(a, b). Sincef(a, b) =f(b, a) andf(a, b)g =f(ag, bg) for g E 6, we obtain a 
C-invariant commutative algebra structure on A. 
By Lemma 1.1 and Lemma 1.2, we have 
xixi = (n - 1) xi, o<i<n, 
xixj = -(xi + Xj), O<i<j<n. 
c*> 
Although we derived the relation (*) under the assumption char(K) f 2, (*j 
is still valid for the fields of characteristic 2. Hence A has at least one 
commutative algebra structure for an arbitrary field . Summarizing, we 
have 
THEOREM 1.3. Let G be a permutation group on D = {0, I, 2 ,..., n). Let 
A = V/U be a n dimensional G-module (constructed above) over an arbitrary 
field K. Then A possesses at least one (~onassociative) commutative algebra 
structure, which is given as 
xixi = (n - l)Xi: s<i<n, 
O<iCuf<n. 
(*$ 
xixj = -xi - xj, 
(as shown above, the multiplication with i = 0 is a consequence of others5 
since x0 = -x1 - x2 - . . . - x,). 
In Theorem B of [2], the author showed that up to scalar multiplication of 
basis elements, (*) is the unique nontrivial commutative algebra structure of 
A if 6 is triply transitive on 8. As shown by the author [2] and by Allen 
[I], G is not isomorphic to Aut(A) unless G CC C,, 1. Thus in order to 
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“recover” nonsymmetric triply transitive group G, something other than the 
algebra structure of A is necessary. 
We next turn our attention to a doubly transitive p rmutation group on 
a = {O, 1, 2 )...) n}. It will be shown that if G is not triply transitive then A 
possesses, in general, more than one G-invariant commutative algebra 
structure, and the multiplication table is more complicated than (*) above (a 
doubly transitive group L?(q) on q + 1 points admits only one algebra 
structure if (q - 1)/2 is odd). As a result, Aut(A) may become small. In fact 
L,(2) has been characterized as Aut(A) of some commutative algebra A of 
dimension 6. Section 3 will be devoted to the proof of this fact. Egawa 
proved a crucial emma (Lemma 3.3) for us. Narang has recently shown that 
Aut(A) z L,(q) if A is the corresponding algebra for the doubly transitive 
group L,(q) on q + 1 points with iz > 3. 
2. DOUBLY TRANSITIVE PERMUTATION GROUPS 
AND COMMUTATIVE ALGEBRAS 
We first fix some notation. 
G: a doubly transitive p rmutation group on a set B = (0, 1,2,..., n}; 
K: a field; 
V: the permutation module for G over K with basis {v,, vr,..., v,} 
such that (u# = ujp, for g E G, 0 < i < n; 
A: V/U whre U= K(Cyzo v,); 
xi: Vi + U, 0 < i < ?l; 
G,: the pointwise stabilizer ofG of a subset S of J2; 
G”i,j: the subgroup (r) Gi,j of G where i, j are distinct elements of B 
and r is an element of G which interchange i and j; 
Qf,j(O < I < k): the set of all orbits of a under the action of Gi,j* 
Choose notation so that QF,j= {i,j} and 
(Qf,j)g =afg,jE> O<I<k, 
where k + 1 is the number of orbits of Q under G”i,j. 
A is a n dimensional G-module over K. In the previous section, we showed 
that A possesses at least one G-invariant commutative algebra structure. In
this section, we will determine all G-invariant commutative algebra 
structures of A. If k + 1 is the number of the orbits of 0 under the action of 
Gi,j, then the algebra structure of A involves k independent parameters. 
Conversely, any such algebra will be shown to admit G (Theorem 2.4). 
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We will use the set {xi 1 1 < i < n} as a basis of A over K. 
LEMMA 2.1. u”e have 
xix1 = axi, o<i<n, 
where a is a constant in K. 
Proof: It suffices to show x1x1 = ax,. Put 
n 
x1x1 = x aixi. 
i=l 
Suppose that i # 0, 1. Then there exists an element g of G such that 1 g = 1 
and ig = 0. Since (xIxI)I = x;‘xf = x1,x1, = x,x,) we have 
x1x, = alx, + aZxZg + *‘. + aixO f ..l a,x,, 
=(a,-ai)xl+~~~-aixi+~~~+(a,-ai)x,,. 
Thus ai = 0 for all 2 < i < II as required. 
Let Gi,j be the stabilizer of two distinct point i, j of Sz. Let r be an element 
of G interchanging i and j. Put G”i,j = (r) Gi,j_ Bf r1 is another element 
interchanging i and j, then r . r-r E Gi,j and so Gi,j does not depend on the 
choice of r. 
Let {i, j) = Qy,j, Q,l,j, .CJf,j ,..., Qr,j be the orbits of Q under the action G,,j 
such that 
for gEG, O,<I<k, and O<i#j<n. 
Put r,=)~2f,~/, O <I<k. Define 
fif,j = c Xt, tEL’f,, O<E<k. 
Finally we assume by renaming if necessary that Qi,, 3 0. Under this 
notation we will show: 
LEMMA 2.2. The following hoIds, provided char(K) # 2: 
k-l 
XiXj = b(Xi + Xj) + x Clfii,j 
I=1 
where b, c,? 1 < 1< k - I are constant in K. 
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Proof. As G is doubly transitive on Q, we may assume i = 1 and j = 2. 
Put 
x1x2= ,$ bixi. 
i=l 
Let p, q be distinct elements of Qi,, , 0 < I < k - 1. There is an element 
g E G,, such that pg = q. Let ig = 0 where i E Qf,,. Since (xix&g =x1x2, 
we obtain b, = b,, if i = 0. If i # 0, then by replacing x,, by -xi - x1 =a. -x,, 
we obtain b, - b, = b, - bi. In any case, b, = b, holds. Let i E a:,, - {O}. 
Then there is an element g’ E G,,, such that ig’ = 0. Again by (x~x~)~’ =
xix* and x,, = -xi - =.a -x,, we obtain b, = b, - b,. Since b, = b,, we 
have bj = 0. This completes the proof. 
Remark. If (i, j) # (1, 2), then the “formal” expression of fif,j may 
contain x0. We may replace x0 by -xi - x2 ... -x, to get a linear 
combination of xixj in terms of xi, x2,..., and x,. Since we may assume, by 
renaming, any element of a to be 0, we may assume in practice that 0 is in 
Q:,, with rk being the largest among TI)s, 1< Z< k. 
LEMMA 2.3. The following condition holds (char K # 2): 
k-l 
a+(n-l)b= c cIrI. 
l=l 
ProoJ Since x0x0 = ax,, we have 
(-~,-x~-~~~-~,)(-x~-~~-~~~-x,)=a(-x,--x~-~~~-x~). 
Hence 
2a(x, + . . . + xn) + 2 C XiXj = 0. 
l&i< j<n 
We compute 
c xixj = 
l<i<j<n 
C b(xi+xj)+y ( 2 C,.nf,j 
l<i<j&n I=1 l<i<jgn 
); 
lc$j<,b(x,Sxj)= (I) ~2*~b(x~+x~+*~*+X,) 
\ . 
= (n - 1) b(x, +x2 + ..a + xJ. 
We have 
C fif,j= C fif,j- )J ab,j, 
l<i<j<n O<i<j<n l(j<II 
(1) 
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In the first erm of the right hand side of (l), every element of x,: x1 7m.1) x,
‘“formally” appears exactly the same times, namely, 
times. Here “formally” means “before X, = x, - xz - 0.’ - X, is applied.” 
the other hand, in the second term, x, does not appear and every xi wit 
i # 0 appears exactly the same times, that is 
times. Therefore in the formal expression of 
z: igj 
I<i<j<n 
every xi with i # 0 appears 
times, and x0 appears 
n+l 
i 1 
1 
2 
. r-1 .- 
n+l 
times. Thus 
This proves 
k-1 
a+@-l)b= Cl I1 
I=0 
as desired. 
e now prove the main result of this section: 
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THEOREM 2.4. Let G be a doubly transitive permutation group on a set 
a = (0, l,..., n} of n + 1 point. Let A be a commutative (not necessarily 
associative) algebra over a field K with a basis (x, ,..., x”}. Assume that the 
product of A is defined as 
xixi = ax,, l<i<n, 
k-l 
x/x, = b(x, + x,) + x c,@~, l<i<j<n, 
I-1 
where a, b, c,EK, I<l<k--1, a+(n-1)6=x:-:c,r,, x0= 
-x,-x*- *** -x,, and r,, ai,j being the same as before. Then G preserves 
the product of A, that is, G is isomorphic to a subgroup of Aut(A). 
Conversely, any G-invariant algebra A has structure determined as above, 
provided char(K) # 2. 
Proof. Let A,, be the algebra over K with basis (x0, x,,x~,...,x,} defined 
as 
xix, = ax,, O<i<n, 
k-l 
X,Xj = n(x, + Xj) + 2 C,.ni,j, O<i <j<n. 
I- I 
We will argue that the subspace Z of A,, generated by an element 
x0+x, + *.. +x, 
is an ideal of A,, which will clearly complete the proof of the theorem, as A 
is isomorphic to AU/Z. 
By symmetry, it suffices to show 
2 x0x, = ax, + 2 b(x, + xi) + ‘2’ 
j-u ( 
cl.ni,j 
/=I \ 
k-L n 
I- I 
) 
E (a + (n - 1) b)~, + x 2 Clfib,j (mod Z). 
I-I j-l 
We see 
j!, ‘k.j= r,(xl + a-. + xn) E -r,x” (mod Z). 
COMMUTATIVE NON-ASSOCIATIVE ALGEBRA 
Hence 
G 0 (mod Z), 
by assumption. This completes the proof. 
Remark. H. Suzuki informed the author that if char K = 2, then there is 
a counterexample to Theorem 2.4 and that if all G,,, orbits are self- 
then Theorem 2.4 still holds for fields of characteristic 2 also. 
COROLLARY. If the characteristic of the field K is 0 or greater than 
n + 1, then the multiplicity of A in S’(A), as G-modules, is equal to the 
number of the orbits of 61,2 on Q - { 1, 2). 
ProoJ This is a well known result and also a direct consequence of 
Theorem 2.4, since the algebra structure of A has k independent parameters. 
3. AN ALGEBRA HAVING L,(2) AS THE GROUP OF AUTOMO~~~§M$ 
Hn this section, a commutative algebra A of dimension 6 is constructed 
and Aut(A) ?Z L,(2) will be proved. 
Wong now has a simpler proof and Narang is making progress in the 
general L,(q)-algebra. So only a sketch will be given here. 
Let G = L,(2) = Z,(2). G acts naturally on a 3 dimensional vector space 
W over F = GF(2), a field of two elements. It is known that G acts double 
transitively on the S = {IV,, w, ,..., w6} of ail nonzero vectors of IV. Let 
V=Kv, + .a. + Ku, be a corresponding permutation module over a field 
andA=V/U,whereU=K(vo+v,+.~~+v,).Putxi=vi+UforQ~i~6 
as before. 
Let G, 2 be the stabilizer oftwo points w, and w2 and r be an element of 
G which interchanges w1 and w2. Put G,,, = (r) G,,,. G,,, has order 4 and 
has three orbits on 0. Namely, {w,, IV*}, {w, + w,}, and the remaining four 
vectors. Hence by Theorem 2.4 we have the algebra structure for A 
XjXi = ax,, O<i<6, 
XiXj = b(Xi f Xj) f CXk, O<!iCj<6, 
a + 5b = c, wi + wj = Sk, 
x,+x, + *a. + X6 = 0. i*> 
By Theorem 2.4 again any algebra A with the relation (*) admits G. For 
simplicity, we assume that char(K) = 0. We assign special values to a, b, c 
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and show that Aut(A) E L,(2). N amely, put a = c = 1 and b = 0. Thus the 6 
dimensional algebra A over K has the multiplication table 
xixi = xi, O<i<6, 
O<i<j<6, 
(**I 
XiXj=Xk, 
where xk is determined by wi + wj = wk. The k satisfying this property will 
be denoted by i 0 j. We assign the following 2-digit number to each Wi: 
0014+ w, 
OlOtt w2 
Oll+w, 
100 tf wq 
101 cf w, 
llO*ws 
lllow, 
The table of sums of wi and wj is 
Wl wz w3 w4 w, W6 wo 
Wl w3 wz w5 w4 wo W6 
WZ Wl W6 wo w4 w5 
w3 wo W6 w5 w4 
w4 Wl w2 w3 
WS w3 wz 
w6 Wl 
w 0 
EXAMPLE. x4x6=x4 06= x2 since w4 + w, = w2 or 4 @ 6 = 2. 
LEMMA 3.1. Let x = alxl + ... + agx6 E A be an idempotent. Then the 
following equalities hold: 
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a: + 2a,a, + 2a,a, - 2a,a, - 2a,a, -- 2a,a, = a,, 
a: + 2a,a, + 2a,a, - 2a,a, - 2a,a, - 2a,a, = az9 
a: + 2a,a, + 2a,a, - 2a,a, - 2a,a, - 2a,a, = as9 
a: + 2a,a, + 2a,a, - 2a,a, - 2a,a5 - 2a3a4 = a,, 
a: + 2a,a, + 2a,a, - 2a,a, - 2a,a, - 2a,a, = a5, 
ai + 2a,a, + 2a,a, - 2a,a, - 2a,a, - 2a,a, = a6. 
(SF) 
Proof. Expand out (a,xl $ ... a6x,)* and compare the coefficients. Use 
the sum table above. Replace x0 by -x1 - x2 - . I. - x6 whenever x0 appears. 
LEMMA 3,2. Let x = alxl $ azxz + . . . t a6x6 be a ~onzero idempotent. 
Assume also that at least one coefficient of x is zero or at least two coel- 
ficients are equal. Then x is of one of the following type: 
x = xi, o<i<e, 
x = i (xi + Xj + Xi@), O<i<j<6, 
x= ~(2x,-xj-xi@J, O<i<j<h, 
x = -3x, -- 3x,i - 3Xi& - 5Xk, O<i<j<,k#i,j,i@j. 
Proof. Assume, say a6 = 0. Then the last equality of Lemma 3.i 
becomes 
2a,a, + 2a,a, - 2a,a, - 2a,a, = 0. 
Hence (a, - a3)(a4 -a,) = 0, and so a, = a, or a4 = a,. The rest of the 
proof in this case is an elementary case by case argument. The detail is 
omitted. 
Next suppose, say a,=a,. Then x=a,(:c,--x,-xx,--Xg-xXg)f 
a3x3 + a.. + a6xg. Therefore, if we use a basis {x0,x!, x3,x,, x5, x6} of A, 
this case is reduced to the previous one. 
Next result is due to Egawa and is crucial. 
LEMMA 3.3. There exists no nonzero idempotent x = a,x, + a2xz 4 **a i 
a6x6 E A such that all ats are distinct. 
Proof. The proof will be carried out in a series of steps. 
Step 1. Do the substitution a4 --t b,, a5 --) b,, a6 + b, and put 
L = 2a,b, + 2a,b, + 2a,b,. Then (#) of Lemma 3.1 reads 
481/91/i-14 
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1 af + 2a,a, + 2b,b, -L = a,, (1) 
ai + 2a,a, + 2b,b, -L = a2, (2) 
WY 
ai + 2a,a, + 2b,b, - L = a3, (3) 
b:+2a,b,+2a,bl-L=b,, (4) 
bi+2alb,+2a,b,-L=b,, (5) 
b:+2a,b,+2a,b,-L=b,, (6) 
Step 2. PutAi=ai-bb,,B,=ai+b,for l<i<3.Then 
A,(B, - 1) =-2/&A,, 
A,(B, - 1) = -2A,A,, 
A,(B, - 1) = -2A,A,. 
Proof. 
(7) 
(8) 
(9) 
PI-(0 (a, - &)(a, + b,) + 2(a, - b&a, - b3) = a, - b,. 
Hence A ,B r + 2A ,A, = A r, which is (7). Similarly, we obtain (8) and (9). 
Step 3. 
A2= (B2- lW3- 1) 
1 4 ’ (10) 
A2’ (B1- lW3- 1) 
2 4 ) (11) 
A2’ @1- 1)@2- 1) 
3 4 . (12) 
Proof. Multiply (7), (8), and (9) to obtain A,A,A,(B, - l)(B, - 1) 
(B3 - 1) = -8A:A&4:. Use A,A,A3 # 0 to get 
(B, - l)(B, - l)(I?, - 1) = -8A,A,A,. (13) 
Divide (13) by (7) to get (10). Similarly we obtain (11) and (12). Note 
Bi# 1 (l<i<3), sinceA,A,A,#O. 
Step 4. B,, B,, B, are distinct. 
Proof. Suppose, say B, =B,. By (10) and (ll), we have A, =A, or 
A, =-A,. Hence a, - b, = *(a, -b,) and a, + b, = a, + b,. This implies 
a, =a2 or a,=b,=a,. This contradicts our assumption. Similarly, 
B,fB,#B,. 
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Step 5. 
(1) +(6): ~+~+ZB,B,-ZL= 
Use (10) in (17) to obtain (14). Similarly, (15) and (14) are obtained. 
Step 6. 
(IS> 
Bl 17B, B, 7 
--2+2=s* 2 419 
(14)-(U) : 
_ PI -Bd(B, - 1) + 
8 2 
- 2B,(B, BJ - = B, - 
2 # 0 by Step 4, we have 
B,- 1 B, +B* -___ 
8 + 2 
ence (18) holds. Similarly (19) is obtained. 
A contradiction isfinally reached since (18) and (19) imply 
By Lemma 3.2 and Lemma 3.3, any nonzero ~de~~~t~~t of A belongs to 
the following set 9 
Xi, 
!fCxi + *j + xi @j>, 
i(2Xi - Xj - Xi @j), 
-3x, - 3xj - 3xiQj - 5Xk, 
where O<i<6, O,<i<j<6, kfi, j, i@j. Therefore lYi=7+7+7~ 
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3 + 7 . 4 = 63. Conversely, one can show by direct computation that all 
elements of 9 are idempotents. 
Let (T be an arbitrary element of Am(A). Then the image of {xi ( 0 < i < 6} 
is a set of idempotents. Hence x7 E 9, 0 < i < 6. Since xixj = xiQi for i # j, 
~7x7 must also belong to F. 
LEMMA 3.4. Suppose x, y, xy E 9 with x # y # xy # x. Then inter- 
changing x and y if necessary, x and y are the following type 
X = i(2Xi - Xj - Xi oj), 
Y =xj, 
Xy = ~(2Xioj-Xi-Xj)* 
x = 4(2X{ - xj - xi @J, 
y=5(2Xj-Xi- ) xi@j ) 
xy = 4(2x, @j - xi - Xj). 
Let~={xi,O~i~6,~(2xi-x~-xio~),O~i<j~6}.Then/d~=28and 
xgEdfor oEAut(A), O,<i<6. 
ProoJ This lemma is proved by case by case computation. There are 
about 20 different cases to consider. But all computations are very 
elementary. 
THEOREM. Let A be a commutative algebra of Theorem 2.4 constructed 
for G = L3(2). rfchar(K) = 0 and a = c = 1, b = 0, then Aut(A) E L,(2). 
Proof. Put Z? = {xi ( 0 < i < 6). Suppose %‘/” # 2 for some o E Aut(A). 
Without loss we may assume %‘” 3 $(2x, -x2 -x3). By Lemma 3.4, only x2 
or xj can be in Z!‘” n %. But then ZZ? contains at least five elements from the 
set a\%!. However, by Lemma 3.4 again only 3(2x,-x, -x3) and 
)(2x, - x1 -x3) can be in %“. 
This contradiction proves that Z!%” = Z?. Thus Aut(A) 5 C,. Since 
XiXj = xioj for i # j, Aut(A) can not be triply transitive. It is now easy to see 
that Aut(A) E L,(2) as desired. 
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